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We investigate two sequences of polynomial operators, H, (4, ,f; x) and
H,, (A, , f: x), of degrees 2n — 2 and 2n — 3, respectively, defined by inter-
polatory conditions similar to those of the classical Hermite-Féjer interpolators
Hy  (f, x). If Hy, (A, [, x) and Hy, s(A;, f; x) are based on the zeros of the
jacobi polynomials P (x), their convergence behaviour is similar to that of
H,,_,(f, x). If they are based on the zeros of (1 — x®)T,_,(x), their convergence
behaviour is better, in some sense, than that of H,, ,(f, x).

1. INTRODUCTION

Let X, = (xln seees xnn), 12X, > >Xp =2 —1land G, = (gln geres gmz)
denote the nth row of two triangular matrices X and G. For simplicity, we
shall often write x, ., g, for xi,, , €1 . Also, set

w(x) = wa(x) = (x — xp) =+ (x — Xa),

(1.1)
h(x) = Len(x) = w(x)[(x — x) w'(xp),
x) = ) = (1 = 6 = x0) L) 13,
7 () = ) = (x — x) 130, (1-2)
and let f'e C[—1, 1] be given. The (2n — 1)-degree polynomial
Hzn o(f, X) = éf(xk) h(x) + i gihi*(x) (1.3)

is the well-known Hermite polynomial based on the nodes X, , with deri-
vatives at the nodes equal to g, ,..., g, . When G is identically zero, (1.3) is
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better known as the Hermite-Féjer polynomial, which we shall simply
denote H,, ,(f, x).

The convergence behaviour of the sequence of polynomials (1.3), as n tends
to infinity, has been investigated for a variety of matrices X and G. It is
known, for instance, that when w(x) = P{*#(x), where P{*-*)(x) denotes the
nth Jacobi polynomial with o, 8 > —1, and the vectors G,, are bounded,
the sequence Hg, ,(f, x) converges to f(x) on (—1, 1), umformly on any
closed subinterval [3, 6, 8].

On the other hand, Berman has shown {1, 2] that, when w(x) =
(1 — x?) T, _s(x), where Ty(x) = cos(N arccos x), the Hermite-Féjer poly-
nomials H,,_,(f, x) actually diverge on (—1, 1) if f(x) = x, | x|, or x2.

In the light of the above results, it would be interesting to see whether,
by an appropriate choice of the matrix G, it is possible to obtain a sequence of
polynomials that converges to f(x) for every fe C[—1, 1], in both the cases
w(x) = P&F(x) and w(x) = (1 — x2) T,,_(x).

As a partial result in that direction, we construct two polynomial sequences
H,, (A4, ,f; x)and H,, (A4, , f; x) (Section 2), with the following properties.
If wix) = P™®(x) (with a, f > —1), then both H,, ,(4;,f;x) and
H,, (A4, ,f: x) converge to f(x) on (—1, 1), uniformly on every closed
subinterval (Theorem 3.1). If w(x) = (1 — x?) T, _,(x), then the uniform
convergence class of H,,_,(f, x) is strictly contained in that of H,,_,(4, , f; x),
which in turn is strictly contained in that of H,,_s(4, ., f; x) (Theorem 7.1).
Such convergence classes are partially characterized in Sections 5 and 6
(Theorems 5.1 and 6.1-6.4).

2. DEFINITION OF H,, 5(A4,,f; X) AND H,,_5(As,f; X)

Let m be an integer less than #, and let 4,.(z) = Y., a;z* be a polynomial
with positive roots. It has been proved [5, Theorem 2.1] that, for every f(x),
there exists a unique polynomial H(x) = Hsp 1 (A, f: x) of degree
2n — 1 — m or less, satisfying the conditions

H(xp) = f(x), k= 1,..,n Y aH(x,,)=0, j=1l..n—m (21)
1=0

Such a polynomial may be called an averaging Hermite interpolator of f(x),
on account of the conditions on the derivatives. We shall concern ourselves
only with the cases of the polynomials

Az) =1 —z(m = 1), Axz) = (1 — 2)%(m = 2). (2.2)
Note that if 4y(z) = 1, then H,, (A4, . f; x) = Hy, 1(f, X).



AVERAGING HERMITE INTERPOLATORS 349

To find an explicit expression for Hy, 1_n(An ,f; X) in the two cases (2.2),
let 5, = x; + - + x,, and set

id 1 e 2Sn — Xx
Jn = 7 ’ Jn* = T e N2 2 2.3
" ,;1 w () ;gl w(x)? @3
"k n (25, — xp)
K’I’l == 7 5 Kn* = PRV 2.4
2 Wy Z ey @4

1 + (25, — xz) W)W (xz)
wl(xk)z (2:5)

F, = Zf( Xp) g LAE) F* = z:f(xk)

WO’

THEOREM 2.1. Let hy(x), b*(x), k = 1,...,nbe as in (1.2). Then

H2n—2(A1 !f; x) Z f(xk) hk(x) + 4 Z hk*(x)a
r=1 (2.6)

C = - W/J = H2n‘2(Al 7f xk) k = 1!'--: n
THEOREM 2.2. Let hi(x), hi*(x), k = 1,..., n be as in (1.2). Then

Hyp y(As, f; x) = Z J(xe) h(x) + Z (d + ke) hy*(x), 2.7

k=1
where

d + ke = Hj, (4, [, X1), k= 1,..,n, 2.8)
and d, e are given by

. _ ’_KnFn* + Kn*Fn m . JnFn* - Jﬂ*Fn
s s AN A ST A

As the proof of Theorem 2.1 is similar to that of Theorem 2.2, we shall
prove only the latter.

Proof of Theorem 2.2. By definition, H,, 4(4,, f; x) satisfies the linear
difference equation

H;, 4., f; Xp) — 2H;, oAy, f; Xp41) Hénﬁa(Az sf; Xpye) = 0,

whose general solution is given by (2.8), with arbitrary 4, e. Since the degree
of Hyn_5(A4, , f; x) cannot exceed 2n — 3, we can determine d, e by requiring
that the coefficients of x2"-1, x2»-2 in the identity

Hy, oAy, [ x) = Z f(xz) he(x) + z H3y o(4s, fi x2) B¥(x)  (2.10)
k=1 k=1
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should vanish. It is easy to see from (1.2) that

1+ (25, — x3) W)W

L TWR) s -2 1 ...
hulx) = W) + W ()2 T
1 25, — X
* — 2n-1 __ 2°n k 2n—2
hk (x) - W”(xk)z * H"(xk)z ¥ + )

Therefore, after a brief calculation, we see that the vanishing of the coefficients
of x*-1 x2n-2 ipn (2.10) yields

dl, +eK, —F, =0, dJ*+ eK,* — F,* =0,
hence, (2.9). Q.E.D.

Remark 2.1. Aninteresting property of Hy,_ (4, ,f; x) and H,, (4, f; x)
is that, unlike the Hermite-Féjer polynomial H,,_,(f, x), they reproduce
polynomials up to degree 1, as can be seen directly from the defining con-
ditions (2.1). If the nodes X, are equidistant, then H,,_ (4, , f; x) reproduces
polynomials up to degree 2.

Remark 2.2. When the nodes X, are symmetrical (i.e., X, 7.1 = —X;,
k =1,.,n), it is easy to see directly from (2.1) that H,, (f, x),
Hy, o(Ay, f; %), Hyns(As, f; x) are all even (odd) if f(x) is even (odd).
Therefore, it is

Hyn o(41, f; X) = Hyuo(f, ), if f(x) is even,
Hyn o(Ay, [ X) = Hypn o(A,, f; X), if f(x)is odd.

3. CONVERGENCE OF Hy,_y_nu(A,. ,f; x) BASED ON THE Root1s OF P{*)(x)

Let a, B > —1, and let w(x) = P{*#(x) denote the Jacobi polynomial
of degree n defined by the differential equation

A—x)w +B—a—(a+B+x)w +u(n+a+B+1)w=0,

with initial condition w(l) = (*}*). From the theory of orthogonal poly-
nomials, we need to recall the relation [9, (8.9.1), p. 236]

arccos x; = kan~! 4+ O(n™), k=1,.,n, (3.2)

and the quadrature formula [9, (15.3.1), p. 349]

[ e — 000+ P dr = ¥ ) + R, B3)
-1 k=1
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where
e = e = 11 — 37 (W), (3.4)
L =2""Tn+ a4+ DI+ B+D)n+DIm+a+B+1),

(3.5)
and R,(g) = o(1) whenever fe C[—1, 1].

TheorReM 3.1. If fe C[—1,1] and «, B > —1. then for all a, b
(1 >a>b> —1), we have

H,, .(4,,f; x) — f(x), uniformly on [b, al, 3.6)
H,, (A, .f; x) — f(x), uniformly on b, al. (3.7)
Furthermore, if « < 0(8 < 0), we can takea =1 (b = —1).

As the proofs for (3.6) and (3.7) are similar, we give only the latter. The
proof depends on the following two lemmas.

LemMmA 3.1. Let t, be given by (3.5), and let w(x) = P{®®(x), a, B > —1.
If we set q(x) = (1 — x)**Y1 + x)?+1, then, as n tends to infinity,

¥ |
o= ¥ e — e | 60 dx o) (3.8)
S = i —E =1 fl g(x) x dx + o(1) (3.9)
" k=1 w(xz)? "l ’
K, = i Kk = n(mt,) " fl q(x) arccos x dx -+ o(1) (3.10)
A W)? n o ’
fow kxy s
Ky = ]zl WO n(rmt,) ™ f_l g(x) x arccos x dx -+ o(1). (3.11)

Proof. 1Tt is enough to derive (3.8) and (3.10), since (3.9) and (3.11) are
similarly obtained.

(i) To show (3.8), let us take g(x) = 1 — x2? in the quadrature formula
(3.3). Since g(x) is continuous, (3.3) yields

1 n 1
x)dx = t, —— + tpo(1). 3.12
[ o Y oy 1o (3.12)
As by Stirling’s asymptotic formula 7, — 2+#+1 (which is not 0), on dividing
(3.12) by 1, we get (3.8).

640/16/4-5
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(ii) To prove (3.10), let us observe that, from (3.2), it follows that
k = nm1arccos x;, + O(1). Hence, by (3.8),

> k 1, <o Arccos Xy
——5 = nm —— + O(1).

]\gl w ('xk)2 " L=1 w (xk)2 + ( )

The rest follows by taking g(x) = arccos x in (3.3) and repeating the

argument of (i). Q.E.D.

LemMA 3.2. Let fe C[—1,1] and let J,, J,*, K,, K,*, be given by
2.3)-2.5).If a, B > —1, then

—K,F,* + K,*F, = O(1), (3.13)
JFo * — J*XF, = O(1), (3.14)
(JK* — J,*K,)"t = O(n). (3.15)

Proof. We divide the proof into two parts.
(i) To prove (3.13) and (3.14), let us first observe that (3.2) implies
X = cos(kmn™! 4+ O(n™)) = cos(kmn=1) + O(n). (3.16)
Therefore, it follows easily that
xp =Y costknn~t) + O(1) = O(1). 3.17)
1 k=1
On using (2.3), (3.8)-(3.11), and (3.17), we obtain easily

J = 0(1), Jn* = 28,Jp — Jn, = 0(1),
= 0(?’!), Kn* = 2S,,K,,, - Kn’ = O(H),

M=

Sy, =
k

I

(3.18)

and since f(x) is continuous and s, = O(1), J,, = O(1),

n

F,,zo(z

k=1

n

)’ F*=0()+ 0 (g w(Xx)

= I w'x?

w'(xXz)
w(xe)?

)

From (3.1) it follows that | w"(x)/w'(x)| < C/(1 — x;?) for some C inde-
pendent of k, n. Therefore, following the argument used to prove Lemma 3.1,
we see that

w"(xx)

Ww(x)?

2

k=1

s¢ Z i xk2)(w R

= c:;lf (1 — x)* (1 + x)dx + o(1)
= o(1).
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Therefore, F, = O(1), F,* = O(1), which, combined with (3.18), yields
(3.13) and (3.14).
(ii) To prove (3.15), let us set

1 1 1 1
I= J q(x) x dx f g(x) arccos x dx — f q(x) dxf g(x) x arccos x dx.
-1 -1 —1 -1

We can easily see, on account of (2.3)-(2.5) and Lemma 3.1, that
J. K, * — J.*K, = —J K, + J,/K, = nll=t,? + o(n). (3.19)

It is clear from (3.19) that, to prove (3.15), it is enough to show that I # 0.
But, since g¢(x) > 0and x, arccos x are two nonconstant, monotone functions,
I + 0 is a consequence of the so-called Chebyshev inequality in integral
form [7, Theorem 4.3, p. 43]. Q.E.D.

Proof of Theorem 3.1. From (2.6), it follows readily that
Hin (s, f3 Xi) = Od,) + nO(en), k=1,.,n,

where d, , e, are given by (2.7). Therefore, from Lemma 3.2 it now follows
that

H;, (A4, f; xi) = O(1), k=1,.,n (3.20)

By [9, Theorem 14.6, p. 338], (3.20) implies Hy,,_3(4s , f; x) — f(x), uniformly
on every closed subinterval of (—1, 1) (if « < 0, on every subinterval of the
form [—1, a]; if 8 < 0, on every subinterval of the form [b, 1]). Q.E.D.

4. THE PoLyNoMiaLS H,,_;_,.(A,. , f; x) BASED ON THE R0OOTS OF
(1 — x2)Tyo(x)

It is convenient to consider, as the nodes of interpolation, the zeros of
(1 — x?) T,(x) rather than those of (1 — x2) T,,_,(x). That is, we consider
the nodes x, ,..., X, given by

Xo = Xomiz = 1, Xny1 = Xpsrmie = — 1,

(4.1)

X = Xp.pio = c08QRk — 1/2n) =, k=1,.,n.

As a consequence of this choice, the degree of the three polynomials
Hyp i A, fi x) (m = 0,1,2) previously considered will be increased
by 4, and for greater clarity we shall use for them the notations

Hy, 5(f, x), H,,..2(4; , f; x), H,,1(4,, f; x).
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Since T,(x) satisfies the equation
1-—x3T, —xT,”+nT,=0,
it is easy to see that, if we set w(x) = (I — x?) T,(x), then

w (x)/w' () = —3x/(1 — x;2), xp # 11,

= Qnt + 1), X, = H, 4.2)
and
W (x)® = 1/n*(1 — x,2), xe # 1,
= 1/4’ X = . (43)

From the known identity 1 = ¥ ,_; (1 — xx;) T,2(x)/n¥(x — x;)?, we can
easily obtain

1" 1

+1 2—152 . (9

Xk

nMs

Since the points (4.1) are symmetrical, §,,, = Xo + ** + X,y = 0. It
is then easy to see, on using (4.2)—(4.4) and taking into account the notational
change from n to n + 2, that (2.3)~(2.5) become

PR
T @5
" - n+1 — Xy 0
Joie = k;) rreATREY
Ay | n42
Kn 2 = 7 = s
* ,fgo w (x5, 2 @.6)
¥ ot —k+Dx, 1 kx;, n
Koz = ICZ:OW“}?I; T— X2 + g
n+1 )
Fropo =Foo(f) = Z S(x) ::((;’;3
2
= L 88 + F 0w A
4.7

Flu=Fi) = 3 j & Fa)

1 ¢ f(xk)
P 2O = (1) — Fuyaleeh).
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If we denote by h,(x), h,*(x), k = 0,..., n -+ 1 the polynomials (1.2) based
on the points (4.1), then (2.6) is replaced by

n+1 n-+1

Hyp o4y, f; x) = Z S (X)) + e Z h,*(x),
(4.8)

Crig = Fn+2/Jn+2 = Hén+2(A1 -f§ Xz, k=0,.,n-+1

Also, (2.7) is replaced by

n+1 n+1

Hy, 1 (As, /3 3) = Y flx) h(x) + Y, (dpyo + (kK + 1) e,15) B (x), (4.9)
k=0 k=0
where
d,.. -k + Deyy =Hi (4s, 15 X1), k=0,..,n+4+1, (410)

and d,,,, e,,, are given by

*
d .. — —KooFrie + Ky oFy n+2

n+g = J K* J K = p) €nio “)_ Crios

n+27 n+2 n+27n+2
3 X 4.11)

e — J’n+2Fn+2 - n+2Fn+2 _ Tnt2

n+2 —— * * *

Jn+2Kn+2 Jn+2 n+2 K1H 2

5. CONVERGENCE OF Hy, s(f, x)

In this section, we consider the Hermite-Féjer polynomials H,, 4(f, x)
based on the points (4.1).

Our first theorem completely characterizes the uniform convergence
class of Hy,,5(f, x), thus adding to the results found earlier by Berman [1, 2].
We recall that H,, ,(f, x) satisfies

Honio(fs X)) = f(xi), Hons(fix) =0,  k=0..,n+ 1 (51)

THEOREM 5.1. Iffe C[—1, 1], the following three conditions are equivalent:

H,, .(f, x) — f(x), uniformly on [—1, 1], (5.2)
20*(Hyny(f, £1) — f(E1)) — Hyuoy(f, Z1) = o(1), (5.3)
Z fCY) — fix) o(1). (5.4)

h=1 (1 xk)2

Here, (5.3) and (5.4) consist each of two separate conditions while
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Hy, 1(f, x) denotes, as before, the Hermite-Féjer polynomial of degree
2n — 1 defined by
Hzn—l(f, xk) :f(xk)’ H2’n~vl(.f; xk) = 0, k == 1,"-, n. (55)
Proof. (i) (5.2) <> (5.3). Set

Silx) = Hf(x) +f(—=x),  folx) = Hf(x) — f(—x)), (5.6)
so that
Hya(f, X) = Honia(f1 5 X) + Honis(fo 5 X).

Since Moo/, ) = Tilo f(r) hu(x) and hy,y u(x) = hy(—x) by sym-
metry of (4.1), it is easy to see that
Hy 5(f1 5 X) = $Hanaa(f, X) + Hongs(f, —X)), (5.7)
H,,15(/2 5 %) = $(Henis(f, X) — Hanig(f, —X)).

Therefore, it is enough to prove the equivalence of (5.2) and (5.3) when
f(x) = fi(x) and f(x) = fy(x). We limit ourselves to the latter case, the proof
of the former being similar.

From (5.5) and (5.7) it is clear that Hy, .4( /3 , x) and H,,_,(f; , x) are odd.
Therefore, we can write, on account of (5.1) and (5.5),

H2n+3(f2 > X) - H2nW1(f2 s x) = (an + qnx3) Tn2(x)9 (58)

where p, , ¢, depend on f(x) and on n. Since H,,_,(f, x) — f(x) uniformly
on [—1, 1] by Féjer’s result [3], we immediately see from (5.8) that (5.2)
is equivalent to the simultaneous occurrence of p, — 0 and ¢, — 0. Evalu-
ating (5.8) and its derivative at x = 1 we obtain, on simplifying by means of
(5.1),

Pn T+ dn :.ﬁz(l) - Hzn—1(f2 > 1),
Pr + 3qn = —2(f(1) — Hyns(fo, 1)) — Houy(fs, D).
Since p, + ¢, — 0 by Féjer’s result, the condition p, — 0, ¢, — 0 is then

equivalent to p, + 3¢, — 0, hence, as f3(1) = —f3(—1), it is equivalent
to (5.2).

(ii) (5.3) < (5.4). Here we assume that f(x) is completely arbitrary.
It is sufficient to prove that
2n¥(Hyy 4(f, 1) — f(1)) — Hapo(f, 1) = o(1)
is equivalent to
Z f — J(xz)

= o(n?)
a1 U ’
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as the proof for the point x = —1 is quite similar. Differentiating the known
formula Hy, ,(f, x) = Yy fx)(1 — xx) T2(x)/n%(x — x,)? and simpli-
fying by means of T,(1) = 1, T,’(1) = 0 we get

_ ¢ f(xk)
H2n l(f 1) nz ]Zl (1 — xk)2 s

and hence,

2n*(Hyn(f; 1) — f(1)) — Hppo(fS 1)

—2¥ f(l)_—iiﬂ—x’?. (5.9)

If f(x) = 1, then H,,_,(f, x) = 1 and the left-hand side of (5.9) vanishes.
This yields

}:1_ =n22(1_x)2. (5.10)
Thus (5.9) can be further simplified to

28 (Hono(fy 1) — f)) — Hinafi 1) = — —3 ¢ S —flx)

(L — x)2
This completes the proof of Theorem 5.1. Q.E.D.
A simpler sufficient condition for H,,.s(f, x) to converge uniformly to
f(x) is given by:
THEOREM 5.2. If fe C[—1, 1] is differentiable at x = *1 and

F@Q)y=5(=1) =0, (5.11)
then H,, 5(f, xX) — f(x) uniformly on [—1, 1].

Proof. After Theorem 5.1, it is enough to show that (5.11) implies (5.4).
We only consider the case x = 1, the proof for x = —1 being similar. For
arbitrary 8 (0 < 8 < 1), we have

S (W) — fos/(1 —

< | le—.lck|>6 | -+ | le—kaa | = 11 + 12-
(5.12)

Since f'(1) exits, we immediately obtain

I < (1%) z ) — e — x| < Cupd),
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for some C independent of #. Also, as 1 — x;,, > 0, we see that

L< max () — S/ — x9l ¥ (0 = x0).

1—x; | <8
Using (4.4) and (5.11) we thus obtain
I, + I, < Cnd~! + n2e(d),

where €(8) — 0 if § — 0. Taking 6 = I/logn and using (5.12) we get (5.4).
Q.E.D.

Remark 5.1. Since
Cik¥n® < 1 — x;, = 2sin?(2k — 1/4n) m < Cok?¥/n?, k=1,..,n,
(5.13)

where C,, C, are independent of k, n, it is easy to see that, if fe C[—1, 1]
has nonzero derivative (finite or not) at x = 1, then

(1) — fe)( — x| > Cor,
k=1

with C; independent of n. Hence, by Theorem 5.1, H,, 5(f, x) does not
converge uniformly to f(x). In particular, this happens when f(x) = x,
x, or x?, in agreement with Berman’s results [1, 2].

6. CONVERGENCE OF H,,.5(4;,f; x) AND H,, (A4, , [ x)

Here, we give a partial characterization of the uniform convergence classes
of the averaging Hermite interpolators (4.8) and (4.9).

THEOREM 6.1. If fe C[—1,1] and its even and odd parts fi(x), fix)
defined in (5.6) satisfy

(W) 3 (A1) — AGDI — x* = o(l), ©.1)
k=1
(1) 3 1) = Al = 5 = ol 6.2)

then H,,,5(A4, , f; X) — f(x) uniformly on [—1, 1]. Furthermore, the condition
o(1) cannot be replaced by O(1), nor o(n) by O(n).
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A simpler characterization is provided by

THEOREM 6.2. If fe C[—1,1] and its even and odd parts f(x), fyx)
defined in (5.6) satisfy
fi(x) is differentiable at x = "1 and  fi'(1) =f'(—=1) =10, (6.3)

() —folx) = o((1 — x)*73), x—>1—, (6.4)

then H,,,.o(A, , [ x) — f(x) uniformly on [—1, 1]. Furthermore, the condition
o((1 — x)!/2) cannot be replaced by O((1 — x)!/2).

After Remark 2.2, the two conditions (6.1) and (6.3) follow immediately
from conditions (5.4) of Theorem 5.1 and condition (5.11) of Theorem 5.2.
Similarly, (6.2) follows from condition (6.5) of Theorem-6.3, while (6.4)
follows from condition (6.6) of Theorem 6.4.

THEOREM 6.3. If fe C[—1, 1] satisfies
/) S (fC1) — fee)( ) = o). ©(6.9)
k=1

then H,,,.1(A, , f; X) — f(x) uniformly on [—1, 1]. Furthermore, the condition
o(n) cannot be replaced by O(n).

THEOREM 6.4. If fe C[—1, 1] satisfies
fCD — flx) = o173,  x—II, (6.6)

then Hyp1(A4s , f; X) — f(x) uniformly on [—1, 1]. Furthermore, the condition
o((17x)1/2) cannot be replaced by O((1;x)!/%).

Note that both (6.5) and (6.6) consists of two separate conditions to hold
simultaneously. The proof depends on the three lemmas below.

LemMMA 6.1. Let h *(x), k = 1,..., n be the polynomials (1.2) based on
the zeros xq ,..., X, of T,(x). Then

M=

hk*(x) = n(x) Tn—l(x)/n’ (67)

k-

]

i kh,*(x) = O(1), xel[-—1, 1L (6.8)

Proof. (i) Formula (6.7) is due to Féjer [4, (59), p. 300].
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(iiy From the explicit expression (4.1) of x, ,..., x,, , we obtain
k = ((n + 1){2) — (n/m) arcsin x,, , k=1,.,n
Therefore, it follows from (6.7) that (6.8) is equivalent to

n

Su(x) = Y, (arcsin x — arcsin x3) b *(x) = O(n™Y), xe[—1,1]. (6.9
k=1

To prove (6.9), let first observe that, on account of the explicit expression

hHx) = (1 — x2) T2(x)[(x — x3) 02, S,(x) becomes

n

S.(x) = ( T”’Ex) )2 5 arcsin x — arcsin x, (1 — x2). (6.10)

k=1 XX

The function arcsin x is increasing, odd, convex on [0, 1] and concave on
[—1, O0]. It is then easy to see geometrically that, for all x € [0, 1],

arcsin x — arcsin x; 2 — arcsin x;
0 < k < / k

k=1,.,n
X — Xy 1 — x; ’ v

Using this in (6.10) we obtain, after simplification, the inequalities

Sp(x) < T,4x) n~2 Z (m]2 — arcsin x (1 4+ x;) < 2=/n, (6.11)

k=1

valid on [0, 1]. Similarly, we can see that on [—1, 0], the inequalities

Sa(x) < T,%x) n~2 i (m/2 + arcsin x, ) (1 — xp) < 2n/n (6.12)

k=1

are valid. Combining (6.11) and (6.12), we obtain (6.9) and thus (6.8). Q.E.D.

LEMMA 6.2. Let ¢,,, be as in (4.8) and let h{(x), h*(x), k = 1,...,n be
the polynomials (1.2) based on the zeros of T,(x). If fe C[—1, 1] is odd and
satisfies (6.5), then

Cniz i hi*(x) = o(1), xe[-1, 1} (6.13)
k=1

Proof. On account of (6.7), it is enough to show that, if f(x) is odd, then
(6.5) implies c¢,., = o(n). From (4.5) and (4.7), it follows that ¢, ., =
2F,,5(f)/3. Since f(x) is odd and the points x, ,..., x,, of (4.1) are symmetrical,
we have

o 2x:f(x) - (1 + x)? f(x5) - i o (xk)
T = L T L T 619

k=1
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From (4.4) and (5.10), it follows that

z a ___x)z :23—’12 (615)

Now, multiply (6.15) by 3(f(1) — f(—1))/4 = 3f(1)/2, (6.14) by —3, and
add together. Recalling that ¢, , = 2F,,,,(f)/3, we then have

1 & A —fGw)
kzl T (6.16)

1t is now clear that (6.5) implies ¢,., = o(n), and hence, (6.13). Q.E.D.

Cpia =

LEMMA 6.3. Letd,.,, e, ,beasin(4.11) and let h(x), h,¥(x), k = 1,...,n
be the polynomials (1.2) based on the zeros of T,(x). If fe C[—1, 1] is even
and satisfies (6.5), then

S (@i + Kk + 1) e ) = ol),  xe[-L1.  (6.17)

Proof. On account of (6.7) and (6.8), it is enough to show that, if f(x)
is even, then (6.5) impliesd,,,, = o(n) and e, == o(1). As the points x, ,..., x,,
are symmetrical and f(x) is even, ¢, , vanishes, hence, the two conditions
we have to prove reduce to e,., = o(1).

Since f(x) is even and continuous, it follows from (4.4) and (4.7) that

FLaf) = 5 3 105 = Fausaf) = O() — Foa(o).

Replacing in (6.16) the function f(x) by xf(x) and using (4.4), we get
Fn+2(xf) — 3 Z f(l ka(xk)

2)12,‘1 (1 — x)?

3 1 " 3 1 — x; 3
nzzf() SO nzz( x) f(x)

(1 — x)? a2 (= x)t
3 f(l) — f(xn)
P s

It is clear, therefore, that (6.5) implies F,_..(xf) = o(n). Now, from (5.13),
we can see that

1 & kx, 1 & k .
—ZZ 1 — x;2 T§(1~xk l+xk)_0(10gn)'

Thus, on account of (4.6) and (4.11), (6.5) implies e,,., = o(1). Q.E.D.
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Proof of Theorem 6.3. We prove the two parts of the theorem separately.

(1) Let hy(x), A *(x), k = 1,....,n be the polynomials (1.2) based on
the zeros x ,..., x, of T,(x), and set

Hano(fs ¥) = ), fOx) halx) + Y Hipial4s, f, X1) (%) (6.18)
=1 k=1
From Féjer’s result [3], it follows that since fe C[—1, 1],

Hiwo(f, X) = f(0) + i Hpwa(4y fs x) () + o(1),  xe[—1,1].
k=1 (6.19)

Since H}, (f, x) and H,, (4, , f; x), as well as their derivatives, coincide
at xq ,..., X, , we can write for some p, , ¢, ,

Hopo(4s 5 f; X) — Hpna(fs X) = (pa + gn¥) TR2(x). (6.20)
As Hy, 1(4s, f; T1) = f(*1), on setting x = *1, we get
P = ) + A=1) — HHz(f, 1) + Hyo(fs —1)),

(6.21)
@n = 3(f()) — A=D) — HHzno(fs 1) — Hano(f, —1).

It is clear, therefore, from (6.19)—(6.21), that H,,. (45, f; x) — f(x) uni-
formly on [—1, 1] if

n

Y Honi(4s 5 £3 x30) hi™(x) = o(1), xe[~1,1]. (6.22)

If we now separate f(x) into its even and odd parts and take (4.8) and (4.11)
into account, we find that (6.22) follows from Lemmas 6.2 and 6.3.

(i) To prove the second half of Theorem 6.3, we show that
f(x) = x(1 — x?)/2 satisfies

SO —fx) 1 < — f(xx)
n2 kzl —(1___‘x—k)2£_ = O(n), 7 kg,l —W = 0(n), (6.23)

while H,,, (4, , f; x) fails to converge to f(x) uniformly on [—1, 1].

To see (6.23), let us observe first that, since f(x) is odd, the two sums in
(6.23) are equal and, on account of (6.16) and Remark 2.2, their common
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value is ¢,,,, given by (4.8). Using the symmetry of x,,..., x, and the
inequalities (5.13), we see that

_ Zﬂn—ﬂm;vﬂglm1—nwm
n2

Cpuy =
2T o2 (1 — x)? (1 — xe)?
(6.24)
| {n/2] xl + xk)1/2 2 [n/2] 1
_ RAC. TN S - RN g —_—
# L IS0 Sw L T aE =

for some constant C > 0. On the other hand, it is clear that, for some other
constant ¢ > 0,

Crio =2 X(1 4+ x)V3n¥1 — x,)*2 = cn. (6.25)

To see that H,,, (45, f; x) does not converge to f(x) uniformly on [—1, 1],
let us first note that, on account of (6.7), (6.19) may be written

Hiuo(fy %) = fX) + 172, 5To(x) Toox) + o(1),  xe[~1,1]. (6.26)

Replacing (6.26) into (6.21), we get p, = o(l), ¢, = n¢,.» + o(1). Using
this and (6.26) to simplify (6.20), we obtain

Hypa(A4s L £ X) — f(X) = n77¢, o(xT,2(x) — Tu(x) T, a(X)) + o(1),
xe[—1,1L
Setting x = cos ¢, it is easy to see that

U (x) = xT,Xx) — Tp(x) T,_1(x) = —1 sin ¢ sin 2nt. (6.27)

It is clear that, on any subinterval I of [—1, 1], we have, at least for all
suitably large n, sup; | U,(x)| = % sup, | sin ¢ |. Thus, it follows from (6.25)
that n1c,,, | U,(x)| = C > 0, for some constant C. Therefore, Hyp, (42, £} X)
fails to converge to f(x) uniformly on any subinterval 7/ of [—1, 1]. Q.E.D.

Proof of Theorem 6.4. The second part has just been established in
part (ii) above.

To prove the first part, we show that (6.6) implies (6.5). To see this, let
observe that, much as in the proof of Theorem 5.2, we have, for arbitrary &
0 <d <),

n

Z () — S/l — xu)?

< C(n/3%) 4 n* | max (A1) — fx)/(1 — xy)l.

x| <8
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On account of (6.6), it is easy to see that

) 3, ) = fesnt =

< (C/nd®) + «d) max (1 — x;)='/
= (C/n&) + («(B)/(1 — x)!/%) < (C[nd®) + Cine(d),

where €(8) — 0 if § — 0. Taking & = (log n/n)'/2, we obtain one half of
(6.5). The other half can be similarly obtained. Q.E.D.

7. UNIFORM CONVERGENCE CLASSES OF Hs, 5 (A, , f5 X)

Let H;,.; denote the uniform convergence class of H,, s(f, x), i.e., let
H,is = {f€ C[—1, 1]: Hy, 5(f, x) — f(x) uniformly on [—1, 1]},
and let H,,,(4,) and H;, . ,(4,) be analogously defined.

THEOREM 7.1. We have, with strict inclusion,
H3, 13 C Hanyo(4y) C Hapnyy(A4y). (7.1)

Proof. It is easy to see, on account of Remark 2.2, that if f(x) is even
(odd), that fe H;, 5 implies fe H, ,.(A4;). If f(x) is arbitrary, we arrive at
the same conclusion by separating f(x) into its even and odd parts and using
linearity. This establishes one half of (7.1); the other half is similarly obtained.

To see that the inclusions in (7.1) are strict, it is enough to exhibit functions
that are in one class but not in the other.

() Hg,.s # H;j, »(4). In fact, f(x) = x is in Hj, ,(4,) on account
of Theorem 6.2, but not in Hj, ,; by Remark 5.1 (see also [1, 2]).

(i) Hj,,o(4;) # H;,,,(4,). Consider f(x) = x% Since f(x) is even,
we have H,, (4, ,f; x) = H,,,5(f, x) on account of Remark 2.2. Since
f'(1) =1, we see from Remark 5.1 (or from [1, 2]) that H,, 5(f, x) fails
to converge uniformly to f(x) on [—1, 1]. Therefore, f(x) does not belong
to H;, .(4,). However, on account of Theorem 6.4, f(x) is obviously in
H311(4s). Q.E.D.

8. CONCLUSIONS

It is apparent, from Theorem 3.1 and Theorem 7.1, that the Hermite-
Féjer operator H,, ,(f,x) and the averaging Hermite interpolators
H,, (A, ,f;x) and H,, 4(A4,,f: x) yield three sequences of polynomial
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operators of increasing power, at least in the cases when w(x) = P\*®(x)
and w(x) = (1 — x?) T,,_»(x). It would be interesting to see whether or not
the averaging Hermite interpolators Hy,_;_n(Ay , f; X) with m > 3 give yet
more powerful operators. For instance, one may consider the operator
H,, (A, f; x), where A,(z) = (1 — z)%, and ask whether the uniform
convergence classes in the cases w(x) == P!*#(x) and w(x) = (1 — x¥)T,_o(x)
are the full C[—1, 1].
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